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Neural Network As Computational Graph

Suppose we have a neural network with one hidden layer and one output layer to predict the
probability of a house being sold given (size, bedrooms, and bathrooms)

For simplicity, no bias term and no weights for the output layer, only average:

This is a composition of functions:

MatMul 4 sigmoid Javg — 5o
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Computational Graph [Matrix Multiplication]

MatMul sigmoid avg ——— o
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Where Xl

is feature 1 of house j, Wi k is the weight from input i to hidden node Kk, and hgc]) is hidden node K’s value for

house |

Q / The University of Alabama ﬂ



5/23

Computational Graph [Sigmoid]

MatMul sigmoid avg ——— o

\
/

Sigmoid: it is applied to each element of the hidden matrix
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where agg) is the value of activation node K for house j
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Computational Graph [Average]

MatMul

\
/

w

sigmoid

avg

— 0

Average: it is applied to each row of the activation matrix

Every house now has an average probability of being sold predicted by three neurons.
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Chain Rule of Neural Network

X(4,3)

MatMul

Uta,3)

\
/

Wis,3)

What is the derivative of O with respect to W ?

If each computation node in the graph has a known, easy-to-compute local derivative, we can compute the
derivative of the entire graph with respect to the weights using the Chain Rule

90

oW
Should be same shape as W, this symbol © is element-wise multiplication

' sigmoid

V(a,3)

_ JU
ow

F)%
QGUQ
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Derivative of Functions with Multiple Outputs

X1 > > fl
X2 5 fr
function
Xn B

For functions with multiple outputs, the derivative becomes a matrix called the
Jacobian matrix:

R R 5 B B T
axl 8x2 axn
9 |32 | .| b
J — axl 8x2 é‘xn
Ofm  fm  Ofm
| axl 6x2 c')xn B
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Example: Matrix Multiplication

Consider multiplying matrices X (3x3) and W (3x2) to get output O (3x2):

011 012
021 022
O (3x2)

Each elementin O is computed as:

X111 X122 X13 || Wi W12
= | X211 X22 X23 || W21 W22

X311 X322 X33 || W31 W32
LIl N A -

X (3x3) W (3x2)

O11 = X11Wi11 + X12W21 + X13W31
O12 = X11Wi12 + X12W22 + X13W32
021 = X21W11 + X2W21 + X23W31
022 = X21W12 + X22W22 + X23W32
031 = X31W11 + X32W21 + X33W31
032 = X31W12 + X32W22 + X33W32

The University of Alabama
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Jacobian of Matrix Multiplication

00

The Jacobian matrix — will have dimensions (6 X 6) since O has 6 elements (3x2)

oW

and W has 6 elements (3x2). Each entry (I, j) represents how the i-th element of O

changes with respect to the j-th element of W',

Computing each element using the derivative sum rule:

8011

aw11
8012

aw11
3021

Jw 1
3022

awn
3031

(9w11
3032

w11

= X11
=0
= X21
=0

= X3]

=0

0011

aw12
0012

Jw 12
8021

Jw 1>
8022

QW12
3031

Jw 12
8032

w12

= X3]

0011

aw21
0012

dw»1
8021

ow2
8022

0wy
8031

dWw»r1
8032

dw»1

= X12
=0
= X22
=0

= X32

=0

The University of Alabama
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Jacobian of Matrix Multiplication (Reorganized with X T

Notice that each pair of rows contains the a row from X, repeated twice with shifted
positions :

X11 0 X12 0 X13 0

90 X21 0 X22 0 X23 0

ow O x2a1 0 x2» 0 x

X31 0 X32 0 X33 0

O —x31 0 X3 0 x33

For the purpose of backprop, we can rewrite the Jacobian as (same size as W):

90 90
(9w11 awlZ _ |
X11 +X21 + X317 X11 + X21 + X3]
90 _ | _90 90 | _
W2 | dwy dwy, | X12 + X22 + X32 X12 + X22 + X32
X13 + X23 + X X13 + X23 + X
90 50 B2 R 13 + X23 + X33 |
L Jwsg owsy |
This is equivalent to:
X111 X211  X31 1 1
90
w o X2 X2 xmpoqpl o1 =XT - 130
| X13 X23 X33 1 1]

The University of Alabama ﬂ
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Matrix Multiplication [What to remember?]

For any matrix X nxk and Wi, and matrix multiplication O=XW.

3—@ = Xkam- b, [Same size of Wi,]

Will be replaced by the incoming derivative dL/dOT

99 = ]-mxn ' WT

o =  k [Same size of X k]

TWHI be replaced by the incoming derivative dL/dO

The University of Alabama
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Sigmoid on a Matrix [Element-wise]

Matrix form: V453 = o( U4x3) means matching entries:

Vi
V21
V31
Vi

So Vij = a(Uij)forevery (i, j).

Vi2
V22
V32
Vao

Vi3
V23
Vi3

Va3 |

o(Un)
a(Uz1)
a(Us1)
a(Usr)

o(Ui2)
o(U22)
o(Us2)
g(Us2)

o(Ui3) |
o(Uz3)
o(Us3)

o(Us3) |

Uasy [ 1 Va3
| sigmoid

“

Derivative of sigmoid (same 4 X 3 shapeas U and /)

* Oneentry:if Z is asingle input, O"(Z) = O'(Z)(l = O'(Z)).

e Whole matrix: apply that same rule independently at each (i, ])

You get a4 X 3 matrix of partial derivatives, one per entry of U.

e WithV = O'(U):O"(U) =V O -=V) (element-wise; 1

same shape as V).

The University of Alabama

15/23



TABLE OF CONTENTS

1. Neural Network as Computational Graph v
2. Derivative of Matrix Multiplication v

3. Sigmoid on a Matrix (Element-wise) v

4.| Row-wise average on a matrix e

5. Summary and practice

Q / The University of Alabama

16 /23



0/

Row-wise average: matrix form and derivative

Matrix form: V3 is averaged along columns (same row index i) to

produce Oy .
) ) [ Vii+Vip+Vi3 7
Vii Vio Vi3 y +V3 .
21 22 23
Vor Voo Vos - 3
Vai Vo Vi3 VaurtVootVs;
3
| Vi Vi Vs Vi +Vip+Vi3
3
So0; = %(‘/11 + Vo + Vz)fori=1, ... ,4.

= O4><1

V(a,3)

.

avg

Derivative / backprop

00; 1

) a‘/ij_g

The University of Alabama
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Summary: Chain rule of neural network

X(a3)

Ua,3 Vias Oa,1
MatMul S | sigmoid S avg @D

/

Wis3)

Question: What is the derivative of O with respect to w?

00 ou _JdV _ 00

aW_é)W@aU@aV

Same shape as W; © denotes element-wise (Hadamard) multiplication.

U .,
* S = Xee ey
%
* o = 9Wu3) @ (1-0(Uas))
00 1 : . :
¢ - =73 luy Why? (row-wise average: each v;; in row i contributes - to 0;.)
% =X£’4) . [O’(U(4’3)) © (1 = O'(U(4’3))) © 1(4’3) O %]
Q / The University of Alabama
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Exercise

For the following network there is one house, so the input is a row vector X, 3.

X(1.3)
Uas)y [ ] V) O,
MatMul | sigmoid | avg . 0
W(3.3)
(0.1 04 03]
e GivenXg3 =[05 03 02]andWs3 ={02 05 02
03 02 04]

o COmpUte Ua 3y, Va3, and O 1)-

Write the chain rule for % and compute the derivative.

00  O(wi,1 +¢€)—O(wi,)

e Numeric check: verify for one entry, e.g. w; 1, using = -
1,1

The University of Alabama ﬂ
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Answer

® Linearlayer: U = XW:

0.1

04 03

Uiz =[05 03 02][02 05 02]|=[017 039 029]

0.3

¢ Sigmoid: V = o(U):

02 04

Vas=[0542 0596 0572 ]

® Average: Oq iy = (Vi1 + Vi2 + Vi3):

0.542 +0.596 + 0.572

=0.570

Oq, =

3

® Local factors (same shapes as in the summary, with batch size 1):

BU_XT 1 av_ 0o d U 80_11
oW =Aa3,D (1.3)5 oU - O'( ) ( - U( ))’ oV -3 (1,3)
® Chaininto W:
90 0.5 0.0414 0.0402 0.0409
W =103 [0.0827 0.0803 0.0817] =10.0248 0.0241 0.0245

0.2

® Numeric check for w;; withe = 10™*:

0.0165 0.0161 0.0163

00 _ O(wl,l +€)—O(UJ1,1)

) (911)1,1 €

The University of Alabama
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Thank You!
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